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ABSTRACT 


Based  on  a  general  mathematical  model  of  a 
technology,  implying  certain  properties  for  the 
production  function,  weak  and  strong  forms  of  a 
physical  law  of  d  iuixri  ishing  returns  are  derived. 
It  is  also  shown  that  the  classical  forms  of  this 
law  hold  if  the  technology  is  homogeneous  (degree 
one)  and  the  production  possibility  sets  of  the 
technology  are  strictly  convex,  but  the  latter 
property  violates  ail  essential  property  of  a 
technology,  namely  that  these  sets  have  bounded 
efficient  subsets. 


PROOF  OF  THE  LAW  OF  DIMINISHING  RETURNS^" 
by 

Ronald  W.  Shephard 
Professor  of  Engineering  Science 
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1.  INTRODUCTION 

For  200  years,  since  it  was  first  expressed  (for  land)  by  the  French 
economist  Turgot  (1767),  [13],  a  law  of  diminishing  returns  in  the  physical 
output  of  production  has  played  a  central  role  in  the  marginal  analysis  of 
economic  theory,  stating  in  some  fashion  that  the  output  from  production  will 
eventually  suffer  decreasing  increments  or  decreasing  average  return  if  the 
inputs  of  some  factors  of  production  are  fixed  and  the  others  are  increased 
.indefinitely  by  some  equal  increments.  Divorced  of  Its  reference  solely  to 
agriculture,  diminishing  returns  are  taken  as  a  fundamental  law  for  technology 
to  support  economic  theories  of  equilibrium  and  price  determination. 

Thirty  three  years  ago,  in  two  papers  published  in  the  Zeitschrift  fur 
Nationalbkonomie  [6]  and  subsequently  re-issued  in  english  in  Economic  Activity 
Analysis  (1954,  edited  by  Oskar  Morgenstern) ,  K.  Menger  gave  a  penetrating, 
albeit  entertaining,  discussion  showing  that  there  has  been  considerable  confusion 
in  the  statements  of  the  law  and  the  arguments  adduced  for  it,  involving  such 
emminent  classical  economists  as  Wlcksell  (1909),  Boehm-Bawerk  (1912)  and 
L.  V.  Mises  (1933).  In  recent  times,  well-known  economists  (e.g.,  Samuel con 
in  Economics,  McGraw  Hill,  1964)  refer  tc  the  proposition  as  a  '  .jndamental  law 
of  economics  and  technology"  on  the  one  hand,  and  also  describe  it  as  an 
'important.,  often-observed,  economic  and  technical  regularity,"  implying  on  the 
other  hand  that  it  is  not  a  lawT  but  a  statistical  phenomena. 

Dedicated  to  my  friend  Oskar  Morgenstern  who  called  this  issue  to  my  attention 
and  urged  me  to  work  on  it. 


With  the  advent  of  the  notion  of  a  production  function  (circa  1910), 
deductions  (explanations)  of  the  law  have  followed  from  mathematical  properties 
assumed  for  the  production  function,  and  most  recently  by  Eichhorn  [5]  in  the 
Zeitschrift  fur  Nationaldkonomie.  Sinc^.  the  law  of  diminishing  returns  is  a 
statement  concerning  technology,  from  which  the  production  function  is  a  derived 
concept,  a  study  of  the  logical  relationship  between  statements  of  the  law  and 
basic  concepts  in  the  theory  of  production  should  start  with  a  definition  of  a 
technology. 

A  technology  is  given  precise  mathematical  definition  as  a  family  of  sets 
T  :  L<u)  ,  u  e  [0,+°°)  in  the  nonnegative  domain  of  an  n-dimensional  Euclidian 
space,  with  certain  properties  which  are  presumed  to  be  generally  applicable. 

The  members  of  this  family  are  indexed  by  a  real,  nonnegative  variable  u  , 
denoting  output  rate,  ar.d  each  set  L(u)  specifies  the  set  of  input  vectors 
x  =  (x^.x^,  ...,  x^)  yielding  at  least  the  output  rate  u  .  The  production 
function  <t(x)  of  the  technology  is  then  defined  on  this  family  of  sets  for  an 
input  vector  x  as  the  maximal  output  rate  obtainable  with  x  ,  giving  to  it 
the  classical  meaning,  and  the  properties  of  the  production  function  are  derived 
from  those  of  the  sets  L(u)  .  These  formulations  permit  substitutions  between 
the  factors  of  production,  both  as  alternative  and  complementary  means  of  production. 
The  substitutions  of  primary  interest  are  those  on  the  boundaries  of  the  sets 
L(u)  which  are  technologically  efficient,  i.e.,  input  vectors  for  -’n  output  u 
such  that  a  decrease  of  any  of  the  inputs  without  increasing  an  input  will  fail 
to  produce  the  output  rate  u  . 

One  important  property  (premise)  for  the  input  sets  L(u)  in  the  definition 
of  the  technology  is  that  the  efficient  subset  for  each  value  of  u  is  bounded, 
i.e.,  technologically  efficient  production  of  an  output  rate  u  is  not  made  with 


an  input  vector  which  has  infinitely  large  application  of  any  factor  of  production. 
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Strangely,  the  production  functions  in  common  use  which  exhibit  diminishing 
returns,  e.g.,  the  Cobb-Douglas  and  CES  functions,  violate  this  property  and 
strictly  speaking  they  are  not  production  functions. 

In  this  conceptual  framework,  it  is  clear  that  diminishing  returns  are  not 
obtainable  by  fixing  the  inputs  of  any  arbitrarily  chosen  subset  of  the  factors 
of  production.  For  this  reason,  a  definition  of  an  essential  combination  of  the 
factors  of  production  Is  introduced,  as  one  for  which  positive  output  cannot  be 
obtained  if  these  factors  are  not  used  in  production,  and  it  is  premised  that  a 
technology  has  at  least  one  essential  combination  of  the  factors  of  production. 

Then  it  is  shown,  by  purely  mathematical  deduction  from  the  general  properties  of 
a  technology,  that  there  exists  a  positive  bound  upon  the  inputs  of  the  factors  of 
an  essential  combination  such  that  output  is  bounded  when  the  inputs  of  the  factors 
of  the  essential  combination  are  restricted  to  this  bound  and  the  inputs  of  the 
remaining  factors  are  increased  indefinitely. 

It  is  shown  by  counterexample  satisfying  the  properties  assumed  for  a 
technolog;  that  essentiality  of  a  combination  of  the  factors  of  production  does 
not  imply  that  output  <s  bounded  for  any  positive  bound  upon  the  inputs  of  the 
factors  of  an  essential  combination,  when  the  inputs  of  the  remaining  factors  are 
increased  indefinitely.  An  essential  combination  is  called  strongly  limitational 
if  output  is  bounded  for  all  positive  bounds  upon  the  inputs  of  this;  combination, 
i.e.,  "abounded  output  cannot  be  obtained  under  any  bounded  inputs  for  an  essential 
combi nat ion . 

Two  weak  forms  of  the  law  of  diminishing  returns,  one  for  product  increment  ' 
and  one  for  average  return,  are  deduced  for  a  technology.  These  expressions  of 
the  law  are  of  the  form  described  by  Monger  as  "intersecting  assertions,"  as 
distinguished  from  the  t rad i t ’ on? 1  forms  which  imply  strict  concavity  of  the 
production  function  in  suit iciently  large  variable  inputs  when  the  inputs  if  some 
factors  are  held  fixed.  Two  corresponding  strong  forms  of  the  law  hold  if  an 
essential  combination  of  the  factors  is  strongly  limitation.?!. 
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The  properties  of  a  substructure  (i.e.,  realization  of  a  technology  with 
positive  bounds  upon  >.he  inputs  of  a  subset  of  the  factors  of  production)  are 
investigated.  If  the  subset  of  the  factors  is  not  an  essential  combination,  the 
resulting  substructure  is  a  technology  hen  these  bounds  are  zero,  of  more  limited 
alternatives  but  nevertheless  one  with  the  same  general  properties,  and  nc  law 
of  diminishing  returns  can  be  deduced. 

The  traditional  forms  of  the  law  cannot  be  obtained  without  assumptions  on 
the  fine  structure  of  a  technology  which  are  contrived  to  obtain  the  result. 

It  is  not  infrequent  in  economic  studies  to  assume  that  the  production  function  is 
positively  homogeneous  of  degree  one,  i.e.,  XL(u)  =  L(,\u)  for  the  technology. 

It  is  shown  that  this  assumption  leads  to  nonincreasing  returns  over  the  whole 
range,  not  merely  for  sufficiently  large  variable  inputs.  If  it  is  assumed 

further  that  the  input  sets  are  strictly  convex  for  positive  output,  a  proposition 
of  diminishing  returns  is  obtained  over  the  whole  range  of  variable  inputs,  but 
this  assumption  implies  that  the  efficient  subsets  of  the  technology  are  unbounded 
and  each  factor  of  production  is  essential.  These  properties,  i.e.,  homogeneity 
of  degree  one  and  strict  convexity  of  the  input  sets  L(u)  for  u  >  0  ,  generalize 
the  assumptions  of  Eichhorn  and  they  are  possessed  by  •’he  Cobb-Douglas  and  CES 
production  functions. 

The  term  "proof"  used  in  the  title  of  this  paper  is  intended  to  convey  a 
sequence  of  logically  valid  statements  for  technologies  defined  by  the  input  sets 
L(u)  with  the  properties  stipulated. 

The  mathematical  treatment  of  the  structure  of  production  used  in  this  paper 
is  an  extension  of  the  work  of  the  author  provided  in  (a)  Unternehmensf erschung , 

Vol  11,  1S67,  No.  4,  "The  Notion  of  a  Production  Function,"  (b)  Theory  of  Cost 
and  Production  Functions,  book  "'-•muscript  submitted  to  Princeton  University  Press, 


June  1969. 
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2.  DEFINITION  OF  A  PRODUCTION  TECHNOLOGY 

A  production  technology  consists  of  certain  alternative  means  and  arrangements 
by  which  goods  or  services  are  produced,  not  all  possibilities  of  which  need  be 

I 

realized  in  practice.  The  distinct  goods  and  services  which  may  be  used  as 
inputs  are  the  factors  of  production,  and  free  goods  or  services  are  not  excluded, 
since  the  market  price  of  a  commodity  has  no  bearing  upon  the  technical  roles  of 
the  factors  of  production.  The  technology  exists  independently  of  the  political 
and  social  structure  in  which  it  may  operate  and  also  of  the  scarcity  of  the 
inputs,  i.e.,  it  is  a  blueprint  for  production. 

It  is  assumed  that  a  single  good  or  service  is  obtainable  as  an  output  of 
the  technology.  Let  u  e  [0,+°°)  denote  the  output  rate,  and  take 
x  =  (x^x^,  ...,  x  )  to  denote  the  input  rites  of  the  factors  of  production 
with  x  restricted  to  the  nonnegative  domain  of  a  Euclidian  space  Rn  ,  denoted 
by  .  It  is  not  assumed  that  x  must  be  strictly  positive  for  u  positive, 
i.e.,  some  of  the  factors  may  be  complete  substitutes  for  others. 

Definition  1:  A  production  input  set  of  the  technology,  denoted  by  L(u)  ,  is 

the  set  of  all  input  vectors  x  e  yielding  at  least  the  output 
rate  u  c  ((),+•»')  . 

Clearly  not  all  input  vectors  x  belonging  to  an  input  set  L(u)  are 
technologically  efficient.  Those  which  ..re  efficient  are  given  by  the  following 
d  _•  f  i  n  i  t  i  o  n : 

Definition  2:  The  efficient  subset  E(u)  of  an  input  net  L(u)  is  given  by: 
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E (u)  =  {x  j  x  e  L(u)  ,  y  <  x  «=>  y  l  T  (u)}  .+ 

Then,  a  production  technology  is  defined  as  follov/s: 

Definition  3:  A  production  technology  is  a  family  of  production  input  sets 
T  :  L(u)  ,  u  e  [0,+^)  satisfying: 

P.l  L (0)  *=  ,  0  i  L (u)  for  u  >  0  . 

P.2  x  e  L(u)  and  x'  >  x  imply  x'  e  L(u)  , 

P.3  If  (a)  x  >  C  ,  or  (b)  x  >  0  and  there  exists  a  real  number 
X  >  0  and  output  rate  u  >  0  such  that  (X*x)  e  L(u)  ,  the 
ray  {X*x  j  X  >  0}  intersects  L(u)  for  all  u  e  [0,+°°)  . 

P.4  ^2  -  ui  i  ®  implies  c-  L(u^)  . 

P.5  H  L(u)  is  empty, 
uc [0,+®) 

P.6  H  L(u)  =  L(u  )  for  u  >  0  . 

0  0 

0<u<u 
*=  o 

P.7  L(u)  is  closed  for  all  u  e  [0,+c'5)  . 

P.8  L(u)  is  convex  for  all  u  e  [0,+-v)  . 

P.9  E(u)  is  bounded  for  all  u  ;  (C,+v)  . 

P.10  For  \  j  1  ,  u  e  [0, +■>■■)  ,  X*L(u)  ^  L(Vu)  and  —  L(u)  -•  u j  . 

The  Properties  P.l,  ....  P.10  are  taken  as  valid  or  generally  acceptable 
for  any  technology .  Property  P.l  states  merely  that  any  nonnegative  input 
vector  yields  at  least  null  output ,  and  positive  output  cannot  be  obtained  from  a 


null  i 

if  ch‘ 
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vector 
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flow'd 
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r 

out  pc  ■ 

is  mer 
by  a  ’ 
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impost 


u  as 


ut  vector.  Property  P.2  implies  disposability  of  inputs.  For  example, 
cal  fertilizer  is  used  as  an  input  with  land  to  produce  a  crop  and 
e  amounts  of  the  former  are  available  relative  to  land,  in  an  input 
x  ,  not  all  of  the  fertilize:  has  to  be  actually  used  to  decrease  the 
merely  disposes  of  the  excess  fertilizer.  Fortuitous  events,  such  as 
are  not  incompassed.  Thus,  the  technology  is  regarded  as  a  rational, 

I 

able  process. 

perty  P.3  states  first  that  any  output  rate  u  e  [G,-H“)  can  be  realized 
r  magnification  of  a  positive  input  vector,  although  net  necessarily  in 
lent  way,  cmd  second  that,  if  a  positive  output  rate  can  be  obtained  by 

_K 

>  * 

agnification  of  a  semi-positive  input  vector  x  ,  any  null  inputs  of  x 
required  for  production  and  the  same  attainability  of  all  positive  out~-.it 
Ids  by  scalar  magnification  of  the  semi-positive  input  vector  x  .  The 
f  ^nput  sets  L(u)  defines  the  input  unconstrained  technical  possibilities, 
lity  of  output  rate  is  not  implied,  but  disposability  of  outputs  is 

perty  P.4  is  clearly  appropriate,  since  an  input  vector  x  yielding  an 
ate  u,  also  yields  any  utput  rate  not  exceeding  ,  and  Property  P.5 
y  a  precise  way  of  stating  that  an  unbounded  output  rate  cannot  be  attained 
aded  input  vector. 

perti.es  P.6  and  P.7  have  only  mathematical  significance.  Property  P.6  is 
in  order  to  guarantee  the  existence  of  the  production  function  <t>(x)  as 
mam  output  rate  attainable  with  an  input  vector  x  .  Property  P.7  is 
in  cv  t  to  bn  able  to  define  the  production  isoquant  for  an  output  rate 
subset,  of  the  boundary  of  the  input  set  T  (u)  relative  to  Rn  . 

.lerty  P.8  is  valid  for  time-divisibly-operable  technologies.  For  example, 
u(u)  ,  v  t  L(u)  and  0  t:  L 0 , 1  ]  ,  the  input  vector  [(1  -  0)x  +  0y]  ay 


bn  in  l 


noted  us  an  operation  of  the  technology  a  fraction  (1  -  0)  of  some 


unit  time  interval  with  the  input  vector  x  and  the  remaining  fraction  6  with 

t 

y  ,  assuring  at  least  the  output  rate  u  .  Nothing  is  implied  about  the 
efficiency  of  such  an  operation. 

Property  F.9  is  imposed  as  an  obvious  physical  fact  that  no  output  rate  is 
attained  efficiently  (in  a  technological  sense)  by  an  unbounded  input  vector. 

This  property,  frequently  ignored  by  the  production  functions  in  common  use,  is 

essential  for  the  arguments  to  follow.  It  also  assures,  for  any  semi-positive 

A 

price  vector  p  for  the  inputs  x  ,  that  an  optimal  input  vector  x  can  be 
realized  to  minimize  costs.  Note  that  free  goods  are  not  excluded  from  the 
inputs  x  . 

Property  P.10  is  taken  valid  for  the  following  reasons.  If  x  e  L(u)  (i.e., 
x  realizes  at  least  the  output  rate  u)  and  X  >  1  ,  then  (X*x)  may  realize  at 
least  the  output  rate  (Xu)  ,  merely  by  a  time-divisible  replication  of  the 
arrangement  with  x  producing  u  ,  but  X'L(u)  may  be  a  proper  subset  of 
L(X‘u)  ,  since,  if  x  e  E(u)  is  an  efficient  input  vector,  (X*x)  may  not  be 

efficient  for  L(X*u)  .  For  the  same  reasons,  if  x  e  anc*  ^  >  1  ,  then 

(X'x)  will  yield  at  least  the  output  rate  u  ,  whence  x  e  y  L(u)  and 

>■(?) c  I  «»>  -t+ 

In  the  foregoing  definition  of  a  technology,  nothing  is  assumed  which  is 
peculiar  to  any  particular  physical  system  of  production.  One  consequence  of 
Property  P.10  is  that,  with  no  limitations  on  the  inputs  of  the  factors  of 
production,  average  costs  are  nonincreasing  with  respect  to  scale  of  output. 

For  u  >  0  ,  the  minimal  cost  rate  of  production  for  a  price  vector  p  of  x  is 

t 

Indeed,  the  input  [(1  -  0)x  +  Gy ]  may  have  no  meaning  unless  so  interpreted. 

ft 

Diminishing  returns  from  extensive  application  of  a  factor  like  land  does  not 
contradict  Property  P.10,  since  wc  are  concerned  with  the  unconstrained  technical 
alternatives . 


and,  for  A  > 

m 


whence 


Q(u,p)  »  Min  {p*x  j  x  e  L(u)}  , 
x 

1  ,  Property  P.10  implies 

Q(Au,p)  *>  Min  (p*x  j  x  e  L(Au)} 
x 

<  Min  {p*x  j  x  e  AL(u)} 

x 

■ x  “n  {KB'  f r 

“  A  Q(u,p)  , 


-Q.(AU i.p.)  <  Q(usp) 
A'u  =  u 


for  any  A  >  1  and  u  >  0  . 
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3.  THE  PRODUCTION  FUNCTION  FOR  A  TECHNOLOGY 

The  production  function  i>(x)  for  a  technology  T  :  L(u)  ,  u  c  [C,-*-"5) 
is  defined  bv 

(1)  <J(x)  =  Max  {u  j  x  e  L(u)}  ,  x  e  r”  , 

*r 

as  the.  maximum  output  rate  attainable  with  an  input  vector  x  . 

The  existence' of  the  production  function  0(x)  and  its  properties  implied 
by  Properties  P.1,  . ..,  P.8  of  the  technology  T  are  proved  in  [11]  and  [12], 
but  will  be  repeated  here  briefly  for  completeness  of  discussion.  Also,  the 
properties  of  $(x)  implied  by  the  Properties  P.9  and  P.19  will  be  stated  and 
proved . 

Let  x  >  0  be  arbitrary.  Then  x  e  L(0)  due  to  Property  P.l.  Also  there 

exists  a  finite  output  rate  u'  such  that  x  i  L  ,u)  for  u  >  u*  ,  due  to 
Properties  P.4  and  P.5.  Consequently, 

Sup  (u  I  x  e  L (u) }  =  u  (finite)  , 

o 

and  x  e  L(u)  for  u  e  [0,u  )  .  But,  due  to  Property  P.6,  (u  t  x  e  L(u)}  =  [0,u  ] 

Kence  4>(x)  exists  for  any  x  e  and  1>(x)  is  finite  for  any  bounded  input 

vector  x  .  Thus,  the  existence  of  the  production  function  <Kx)  with  <f(0)  =  0 
follows  only  from  Properties  P.l,  P.4,  P.5  and  P.6  of  the  technology  T  . 

Property  P.2  implies  $(x')  >  <I>(x)  for  any  x1  >  x  ,  since  {u  j  x  e  L(u)} 
c  (u  |  x'  £  L(u)}  .  Property  P.3  implies:  (a)  if  x  >  0  ,  'J'(Ax)  -*+<*>  as  A  ■*  +°°  , 

(b)  if  x  >  0  and  i'(A'x)  >  0  for  some  A  >  0  ,  then  $(Ax)  •>  +“  as  A  ->•  +<»  . 

Property  P.7  implies  'f'(x)  is  upper  semi-continuous,  because  L(u)  =  {x  |  $(x)  >  u} 
is  closed  for  u  >  0  and  {x  |  4>(x)  >  u}  =  (closed)  for  u  <  0  ,  and  the 

closure  of  the  level  sets  {x  |  <t(x)  >  u}  of  4>(x)  for  all  u  e  (-■»,+»)  is  an 

if  and  only  if  condition  for  the  upper  semi-continuity  of  (x)  . 


Property  P.8  implies  that  the  production  function  is  quasi-concave,  i.e„, 
for  x  >  0  ,  y  >  0  and  6  e  [0,1]  ,  <J>((1  -  8)x  +  0y)  >  Min  [$(x),$(y)]  ,  because 

letting  t  *=  Min  [i>(x)  ,$(y)  ]  ,  x  e  L(t)  ,  y  t  L(t)  and  the  convexity  of  L(t) 

implies  [(1  -  9)x  +  6y]  e  L(t)  . 

For  the  implication  of  Property  P.9,  suppose  $>(x)  *  u  .  Then  $(x)  *  u 

with  ‘t’(y)  <  u  for  y  <  0  on  the  bounded  subset  E(u)  of  L(u)  .  If  $(x)  ■>  u 

and  x  i  E(u)  ,  there  exists  a  point  y  <  x  such  that  *(y)  >  u  .  Hence,  $(x) 

takes  a  constant  value,  with  $(y)  <  $(x)  for  y  <  x  ,  on  bounded  subsets  of  Rn  . 

Property  P.10  implies  that  the  production  function  4>(x)  is  super-homogeneous, 
i.e.,  for  A  >  1  <f(Ax)  >  A$(x)  and  <  ~  ‘t’(x)  ,  because  if  u  =  4>(x)  then 

x  e  L (u)  and  (Ax)  e  L(Au)  implying  $(Ax)  >  A$(x)  ,  while  if  y  ■  then 

~  and  x  e  L(u)  implying  $(x)  >  u  =  A$^~j  . 

Finally,  Properties  P.8  and  P.10  imply  that  the  production  function  is 
super-additive,  i.e.,  if  x  e  r"  ,  y  e  r"  then  <f>(x  +  y)  >  $(x)  +  <t(y)  .  To 

prove  this  statement,  let  4>(x)  >  0  and  $(y)  >  0  and  let  u  =  Max  [*(x),$(y)]  • 

Then,  since  Property  P.10  implies  that  <t(x)  is  super-homogeneous, 

Hm'*)  i u  •  5(ffyT'y)  i  “  • 

implying  that  the  input  vectors  •  x  ,  •  y  belong  to  L(u)  .  The  convexity 

of  L(u)  ,  i.e.,  property  P.8,  then  implies  that 

i(a  - 0)  Too'*  +  sf<yfy) :  “  • 

»(v) 

*(x)  +  *(y) 


Take  0 


and  use  the  super-homogeneity  of  v(x)  to  obtain 
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whence  $(x  +  y)  >  t(x)  +  $(y)  .  If  either  <J>(x)  or  $(y)  or  both  are  zero, 
the  same  inequality  holds. 

In  summary,  the  following  proposition  holds: 


n 


f 

i 


ji 


Proposition  1:  The  production  function  $(x)  defined  by  (1)  on  the  technology 
T  :  L(u)  ,  u  £  (0,+°°)  has  the  following  properties: 


A.  1 

o 

V _ 

11 

o 

A. 2 

4>(x)  is  finite  for  bounded  x  e  . 

T 

A.  3 

'J’(x’)  >  $(x)  for  x'  >  x  . 

A.  4 

If  (a)  x  >  0  ,  or  (b)  x  >  0  and  $(A*x)  >  0 

for  some 

A  >  0  ,  3>(Ax)  -*•+'*  as  A  -»•  -H=°  . 

A. 5 

<t>(x)  is  upper  semi-continuous  in  x  e  . 

A. 6 

$((1  -  0)x  +  0y)  >  Min  [i'(x)  ,l>(y)]  for  x  ,  y 

e  R"  ,  9  e  [0,1] 

A. 7 

4>(Ax)  >  Ait>(x)  and  1  $(*)  for  x  e 

and  A  >  1  . 

s= 

A. 8 

't’(x)  takes  constant  values,  with  <i>(y)  <  l(x) 

for  y  <  x  , 

on  bounded  subsets  of  R,  . 

T 

A.  9  0(x  +  y)  >  ^ (x)  +  1 (y)  for  x  ,  y  e  R™  . 


Note  that,  the  technology  T  and  its  related  production  function  •  (x)  are 
expressions  of  the  unconstrained  technological  alternatives.  Restrictions  on 
the  input  vectors  x  are  to  be  handled  separately  and  not  incorporated  into 
the  definition  of  die  production  function  1 (x)  . 

One  consequence  of  Property  A, 9  is  that  the  unconstrained  minimum  cost  of 
yielding  at  least  an  output  rate  u  by  combining  two  operations  of  a  t  .••chnologv 
is  equal  to  or  iess  than  the  sum  of  the  minimal  costs  for  the  two  separate  operations 
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to  yield  in  at  least  the  same  output  rate,  since 

{ (x  +  y)  j  $  (x  +  y)  >  u}  ^  {  (x  +  y)  |  4>(x)  +  $(y)  >  u)  , 

and 

Min  (p*(x  +  y)  |  $(x  +  y)  >  u}  <  Min  {p*  (x  +  y)  |  i>(x)  +  $(y)  >  u}  . 
x,y  “  x,y 

If  a  production  function  $(x)  is  given,  the  level  sets  of  this  function 
satisfy  the  following  proposition. 

Proposition  2:  The  level  sets  L^(u)  =  |x  j  $(x)  >  u  ,  x  e  ,  u  e  [(),+«>) 

for  a  nonnegative  single  valued  real  function  $(x)  defined  on 
with  the  Properties  A.l,  A. 9  possess  the  Properties 

P.1,  P.10,  and  the  production  function  defined  on  the  sets 

L^(u)  is  identical  to  4>(x)  . 


A  proof  of  Prop  -^ition  2  is  given  in  [llj  and  [12]  for  the  Properties  A.l,  ...,  A. 6 
and  P.1,  ....  P.8,  and  the.  extension  to  A. 7,  A. 8,  A. 9  and  P.9,  P.10  is  direct. 

It  is  convenient  at  this  point  to  introduce  a  definition  of  the  production 
isoquant  for  an  output  rate  u  ,  and  to  state  two  propositions  concerning  the 
efficient  subsets  E(u)  of  the  production  isoquants. 

Definition  4:  The  production  isoquant  for  an  output  rate  u  e  (0,+°-’)  is  the 

boundary  of  the  set  L(u)  ,  excluding  those  points  which  are  not 
at  minimal  ray  distance  from  the  origin. 

If  part  of  the  boundary  of  L(u)  relative  to  Rn  coincides  with  the  boundary 
of  R^  ,  those  points  *  on  such  conrr.onparc  foi  which  ( \ • x )  c  L  :)  for  •  ■  1 
are  not  included  in  the  production  isoquant,  because  ,  r.acroscopi  rally ,  they  cannot 


mi 


be  efficient  input  vectors. 

Two  prepositions  hold  for  the  efficient  subsets  E(u) 


Proposition  3:  E(u)  is  nonempty  for  all  u  e  [0,+"°) 


Proposition  4:  L(u)  =  I(u)  +  ,  u  e  ^ 


The  proofs  of  these  two  propositions  are  given  in  [11]  and  [12].  One  cannot 
conclude  that  E(u)  is  closed — see  the  counter  example  in  [1] — and,  although 
L(u)  =  E(u)  +  r"  ,  it  is  sufficient  for  our  purposes  to  work  with  the  closure 
(u)  of  E(u)  . 


A’ii 


The  su: .  A  4  B  of  two  sots  A  and  R  in  R“  is  the  set  of  points  of  the 


for:-,  (,>:  *  y)  whore  x  ■  A  and  v  ■  B 
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4.  LIMITATIONS  FACTORS  OF  PRODUCTION 

ine  general  definition  of  a  technology  given  in  Section  2  permits  substitutions 
between  the  factors  of  production  to  attain  efficiently  any  given  output  rate  u 
(i.e.,  the  alternatives  E(u))  and  it  is  not  assumed  that  positive  inputs  of 
any  particular  factor  of  production  or  combination  of  factors  are  required  for 
positive  output,  nor  that  a  positive  bound  upon  the  inputs  of  a  factor  or  combin¬ 
ation  of  factors  limits  the  output  which  may  be  realized  under  increasing  applica¬ 
tions  of  the  other  factors.  In  a  word,  we  have  been  concerned  with  the  unconstrained 
alternatives  of  a  technology. 

For  the  investigation  of  a  law  of  diminishing  returns  we  must  turn  our 
attention  to  the  possible  limitational  character  of  the  factors  of  production. 

Let 


D.={xx>0,xeR} 

X 


Dj  =  |x  I  x  >  0  ,  t  x,  =  0  ,  x  e  R 


Then 


R^  =  {0}  U  D  U  D.,  . 


The  boundary  points  cf  r"  relative  to  Rn  excluding  the  null  input  vector,  i.e., 
D?  ,  are  classified  further  by 


Mv  ,v,,  ...,  v,)  =  ,tx  '  x  t  D.,  ,  x  -  0  for  i  *  1,2,  ....  k) 


v  , 
1 


: or  mttyr 


k  (n  -  1) 


16 


Definition  S: 


The  combination  (v^,  ....  vR)  ,  1  <  k  <  n  -  1  ,  is  essentia:  lf 
and  only  if  D^,  ....  vk)  fl  L(u)  is  .  pty  for  all  u  >  0  , 
or  equivalently  *(x)  =  0  for  all  x  e  D,,  (v^  . . . ,  Vfc)  . 


Two  propositions  clarify  this  definition  of  the  essentiality  of  a  combination 
of  the  factors  of  production. 

lEoposition_5:  If  x  c  interior  of  D^,  ....  Vfe)  ,  i.e.,  =  0  for 

i  £  {1,2,  ....  k}  and  x^  >  0  for  j  i  {1,2,  ...,  k)  ,  and 

j 

$(Ax)  =0  for  A  e  [0,+-)  ,  then  4>(y)  =  0  for  all 

y  e  D2(v^,v2)  •••>  and  the  combination  (vi»V2’  v  )  is 

essential . 

Proposition  ,6:  If  x  e  interior  of  D2(Vl,v2,  ...,  Vr)  and  >  0  for 

some  scalar  A  >  0  ,  then  for  all  input  vectors  y  e  interior  of 

D2 (V1 *  vk^  there  e^iats  a  positive  scalar  A  such  that 

>  0  . 


Propositions 5  and  6  follow  directly  from  Properties  A. 3  and  A. 4  of  the 
production  function  1 (x)  . 


Thus,  either  a  combination  (■.  ,v. . .  v,  )  of  the  factors  of 

-A  *-  K. 


is  essential 

by 

:  (x) 

=  0  f 

or  all  x  :  p  (  , 

2  t  L ,  ,  .. 

■  ,  \’k)  ,  or  for 

ail 

y  t  inter! o r 

Oi 

2  v  1 

’  •  ’  * 

••»  v^)  there  exists  a 

positive  scalar 

* 

y 

posit ive  outp 

/■ 

(  I  f . 

•At  rn 

ay  be 

ob  t  a  i 

nod  with  the  input  (V  • 

y 

v)  .  If  a  combi 

na  t 

k  ) 

is 

G S  S 0-  * 

ial,  clearly  anv  combi na 

1 ion  .. 

o  ’ 

1  2 

■  k  *  (n  - 
0  =* 

1 ) 

is  1 

l  r»  OV  i  S 

e  essonti.il.  The  c,_  "bin 

consisting 

O  I 

»  t’u\  ■  1  i’:  *">  £  pi' 

vV.'.IP 

t  ion 

is  eh v 

i  >  ns  i  y  o  p>  s  f  I*  1  i  a  ]  b  y  v  Lit 

ue  of  Properties 

p 

r  h  i  * 
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In  fact,  the  Properties  P.1,  ...»  P.10  used  in  Section  2  to  define  a  technology 
do  not  imply  the  existence  of  an  essential  combination  ^vi,v2’  ^or 

1  <  k  <  (n  -  1)  . 

Now  suppos  •>  for  a  combination  ‘actors  pro ’-..Lion 

that  a  positive  bound  ,x°  ,  . . . ,  x°  j  is  imposed  on  the  input  of  these 

factors.  How  may  this  bound  impose  a  limitation  (if  at  all)  upon  the  outputs  which 
may  be  obtained  under  unrestricted  application  of  the  other  factors?  For  the 
investigation  of  this  question  two  definitions  are  introduced: 


Definition  6:  A  combination  (vi»v2’  •••>  0 ^  t^e  factors  °f  production  is 


Weak  Limitational  if  there  exists  a  positive  bound 

such  that  $(x)  is  bounded  cor  x  >  0  and 


(00  c  \ 

X  ,  X  ,  .  .  .  ,  X  \  . 

vi  V2 


/  0  o 

[  X  ,X  ,  .  . 

\  vl  V2 

/x  ,x  ,  ....  X  ) 

\  V1  V2  V 


Def ini tion  7 : 


A  combination  (v  ,v?,  ...,  v  )  of  the  factors  of  production  is 

-  .  .  ..  ,  /  o  o  o 

Strong  Linm rational  it,  tor  all  positive  subvectors  x  ,x  ,  x 

\  v!  v 2  v 

/  \ 

f  (x)  is  bounded  for  x  ■  0  at 

\ 


;’J  (VS . \) 


,1.0  O  -  , 

;  IV\ . \  ■ 


Clearly ,  it  a  combination  . .  v.  )  is  strong  limitational  it  is 

I  K. 


V 


V 
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Property  A. 4  of  the  production  function  that,  for  any  input  vector  y  t  interior 
of  D  (v  ,v  ,  v  )  ,  i>(Ay)  is  unbounded  for  X  e  [0,+“0  .  Consequently,  due 

Z.  X  Z  K. 

to  Property  A. 3,  the  combination  (vp,v2’  •••»  1 s  not  weaK  limitational, 

and  the  following  proposition  holds: 

Proposition  8:  A  combination  (v  ,v  ,  . . .  ,  v,  )  of  the  factors  of  production 

J-  t  K 

is  limitational  (.weak  or  strong)  only  if  it  is  essential. 


Next  suppose  that  a  combination  (v^,v  ,  ....  v^)  is  essential.  Then 
*(x)  =  0  for  all  x  t  ...,  v  )  .  For  any  positive  output  rate  u  , 

J.(u)  =  E(u)  +  due  to  Proposition  4.  Since  E(u)  is  bounded  (Property  P.9) 

and  closed,  there  exists  a  hyperplane  which  strictly  separates  E(u)  and  the 
closed  set  jx  j  x  e  ...,  v^)  ,  x  c  R^1  j  of  Rn  [^].  Because  all  points 

of  L(u)  may  be  expressed  as  (x  +  y)  where  x  c  E(u)  and  y  >  0  ,  there  exists 
a  strictly  separating  hyperplane 
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belon.  to  the  hyperplane  H  ,  and  hence  there  exists  a  bound 


'al,a2* 


,  a,  )  such  that  4>(,x)  is  bounded  for  x  >  0  and 

K.  *= 


(v 


,  x  \  ,  because  L(v)  c;  L(u)  for  v  >  u  implying 


4>(x)  1  .  Hence,  the  following  proposition  holds: 


-Propo  -ion  9:  A  combirat.on  (v^.v^  •  •  • »  vk)  >  1  <  k  <  (n  -  1)  ,  is  weak 

limitational  if  and  only  if  the  combination  is  essential. 

I  'ever,  essentiality  by  itself  does  not  imply  that  a  combination  (v^,  v  ) 

is  st  \g  limitational,  a  fact  which  is  easily  seen  from  the  counter  example  of 
Figur.  ..  There,  for  u  ranging  over  [0,-H°)  ,  the  efficient  subset  E(u)  =  E(u) 
is  tin  losed  line  segment  PQ  ,  where  P  =  (0,u)  and  Q  =  (u,l  -  e~U)  .  The 

fami!-  >f  sets  so  generated  clearly  satisfies  Properties  P.l . P.9  for  a 

techn  gy ,  and  it  remains  to  show  only  that  Property  P.10  holds.  For  this 

purpo:  we  need  only  consider  the  efficient  subset  E(u)  ,  the  points  of  which 

are  .  n  by : 


X  =  0  •  U 


x2  =  0(1  -  e  )  +  (1  -  0 ) u 


0  e  [0,1]  . 


ln  ciuU  L(\u)  for  x  c  E (u)  and  X  >  1  ,  it  is  sufficient  to 


A0(1  -  e  )  +  \(-  -  0)u  >  3(1  -  e  ,  +  (1  -  0) Xu 


F(A)  -  A (1  -  e”U)  -  (1  -  e“Xu)  >  0 

for  all  u  >  0  and  A  >  1  .  Clearly,  F(A)  *  C  for  u  =  0  ,  A  >  1  .  Hence, 

take  u  >  0  and  compute 

•>  -u  ~Au 
F' (A)  =  1  -  e  -  ue 

-it,,*  2  -Au 

F  (A)  =  u  e 

Since  F"(A)  >  0  for  u  >  0  and  A  >  1  ,  F(A)  is  strictly  convex  in  A  for 

arbitrary  u  >  0  .  Now,  F(l)  =  0  and 

F'(l)  =  1  -  —■ —  >  0 
u 


for  arbitrary  u  >  0  .  Hence,  F (A)  >  0 

Similarly,  in  order  that  x  e  ■“  L(u) 

A 

sufficient  to  show  that 


for 

for 


X  >  1  and 

*  *  e(i) 


u  >  0  . 

and  A  >  1 
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it  4  s 


G(A) 


(1  -  e  U)  >  0 


for  all  u  >  0  and  A  >  1  .  Since  G(A)  =  0  for  u  =  0  and  A  >  1  ,  take 
u  >  0  arbitrarily  ->nd 


_u 

G'(A)  =  1  -  e  A 


jj 

A 


*=  1  - 


0 


A 

e 


for  all  A  >  1  .  Since  G ( 1 ) 
in  A  for  A  >  1  and  a  >  0 


0  for  u  >  0  and  G(A)  is  strictly  increasing 
it  follows  that  G(\)  >  0  for  all  A  >  1  arid 


u  >  0  . 
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Hence,  the  example  cf  Figure  1  satisfies  all  the  properties  required  of 

a  technology.  In  this  example,  the  factor  of  production  with  input  denoted  by 

is  not  essential,  while  the  factor  th  input  is  essential  because  any 

inpu*-  vector  of  the  form  (x^,0)  does  rot  belong  to  any  input  set  L(u)  for 

u  >  0  and  $(x^,0)  =  0  for  all  >  0  .  For  any  positive  bound  x°  such  that 

x°  <  1  ,  $(x)  is  bounded  for  x  >  0  and  0  <  x„  <  x°  ,  while  4>(x)  is 
i  l  *=  *  i  <=  l 

unbounded  for  x°  >  1  ,  >  0  and  0  <  <  x°  .  Thus,  we  have  a  counter  example 

against  the  essentia’ity  of  a  combination  (v  ,v_,  ...,  v,  )  implying  that  the 

JL  Am  *•» 

combination  is  strong  iimitational. 

Recall,  however,  that,  if  the  combination  (v^,v0 . v^)  ,  1  <  k  <  (n  -  1)  , 

is  essential  it  has  been  shown  for  arbitrary  u  >  0  that  there  exists  a  separating 
hyperplar.e 


k 

I  a,x 

L  I  V 

i=l  i 


a  ,  a  >  0  ,  >  0  for  i  s  (1,2,  . 


.  .  ,  k}  , 


where  in  general  a  nay  depend  upon  the  output  rate  u  .  Let 


I  x 

S (u)  =  Sup  l  l 
x  (i=l 


a .  x 
1  v . 


x  i  L(u)|  , 


and  consider  an  increasing  sequence  of  output  rates  {u^}  "*  +cr  •  If  the  corresponding 
sequence  {S(u  )}  is  unbounded,  i(x)  is  bounded  for  any  positive  bound 


(\ . \) 


on  an  essential  combination  of  the  factors  of  production. 


Contrariwise,  if  the  sequence  {S(u^)}  is  bounded,  it  converges  to  a  limit 
and  the  hyp^rplane 


k 

J  a,x  =  s  .  a.  '  0  for  i  f  (1,2,  ...,  k} 
,  ,  i  v .  o  1 
l-l  i 


intersects  all  reduction  sets  L(u)  ,  u  c  (0,+°°)  ,  whence,  for  any  bound 


1  e  {1,2,  . . . ,  k} 


with  A  >  Sq  ,  >0  for  j  i  {1,2,  ...,  k}  ,  $(x)  is  unbounded  and  the 

combination  (vi’v2>  ...,  v^)  is  not  strong  limitational.  Thus,  the  following 
proposition  holds: 


£jJ?.P osj'tion^lO :  A  combination  (v]_,v2-*  v^)  is  strong  limitational  if  and 

only  if  the  combination  is  essential  and 


( 

;  k 

r 

lim  Sup 

Sup  < 

y  a  x 

*-•  1  M 

j  x  e  L  (u  )> 

n-*-“ 

Lx  ( 

,1k 

n)j 

a  >  0 

,  i 

£  {1,2,  . 

...  k}  and 

=  -foe 


}  ■*  +“  . 


If  the  second  condition  of  Proposition  1C  does  not  hold,  it  is  implied,  for  some 
bounded  positive  inputs  for  an  essential  combination  of  the  factors  of  production, 
that  output  is  unbounded  for  unrestricted  inputs  of  the  other  factors. 
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5.  THE  PRODUCTION  STRUCTURE  OF  A  TECHNOLOGY  WITH  PARTIALLY  BOUNDED  INPUTS 

The  considerations  of  the  previous  section  lead  one  to  consider  the  production 
possibility  sets  of  a  technology  when  the  inputs  of  some  (but  not  all)  of  the 
factors  of  production  are  limited  by  some  positive  bounds. 

Let  ( v ^ , v ^ v^)  ,  1  <  k  <  (n  -  1)  ,  be  a  combination  of  the  factors  of 
production  and  suppose  that  the  input  of  the  factors  of  this  combination  are 
bounded  by 

0<x  <x°  ,  >  0  ,  i  e  (1,2, 

*  v.  *=  v  ’  i 


Let 


denote  subvectors  of  the  input  vector  x  ,  and  take  x  =  (x^,y^)  since  the  order 
is  not  important.  Define 


-  {<v> 


V 


"k  =  k 


>  0 


I°(u)  *=  L (u)  n  hC  ,  u  f  [0,+-")  . 

1150  sets  L  (u)  are  the  production  possibility  sets  for  the  limited  operation  ot 

o 

tin’  techuolocv  when  0  •-  x.  v  x, 

c  k  =  k 

It  is  rattier  straightforward  to  verify  that  the  sets  L  (u)  ,  u  •  [0,+  O 
satisfy  analogues  of  the  Properties  P.4,  ....  P.8  for  the  production  sets  ot  an 
unrestricted  technology,  with  P. 1  and  P.2  replaced  by 
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P.l°  I°(0)  =  D°  . 

P.2°  If  x  £  D°  ,  x'  e  D°  ,  x'  >  x  and  x  e  L°(u)  ,  then  x’  e  L°(u)  . 

Regarding  Property  P.3,  suppose  first  that  the  combination  v^) 

is  nonessential.  Then  Propositions  5  at J  6  imply  that  if  >  0  there  exists  a  j 

scalar  A^  for  any  u  >  0  such  that  <t>(0, A^y^)  >  0  .  Then  by  Properties  A.l, 

A. 3  and  A. 9,  it  follows,  for  any  x,  for  which  0  <  x,  <  x°  ,  that 

k  *  k  =  k 

*(xk’Vyk}  =  *((xk’0)  +  (0*Au,yk):> 

>  $  (0 , A  ■ y^)  >  u  , 

or  for  any  y,  >  0  there  exists  a  scalar  A  (depending  also  perhaps  on  y, ) 

K  li  K. 

such  that  (x.  ,A  *y,  )  e  L°(u)  .  Thus,  the  following  property  holds: 
k  u  k  '  ~ 


If  the 

combination  (v^,: 

J2  ’  •••> 

v  )  is  nonessential: 

(i) 

L°(u)  is  nonempty 

for  all 

U  £  [  0  ,-K3)  . 

(ii) 

For  (xk'>'k)  r  D° 

and  y, 
k 

>  0  ,  the  ray  Ux^.Ay^  | 

A  >  0} 

emanating  from  the 

point  i 

(x  ,0)  intersects  all  sets 

K 

L°(u) 

for  u  t  ( 0 ,  +>v )  . 


Assume  now  that  the  combination  ( v ,  , v . ,  u,  )  is  essential.  Two 

situations  arise.  Eit’  t  the  combination  is  weak  1 imitational  or  it  is  strong 
limitation::!.  It'  it  is  strong  limitntional,  t  ( x  ^ ,  y  is  bounded  for 

(x  , v  )  :  D°  and  not  all  sets  L° (u)  are  nonempty.  If  it  is  weak  1  in i tat iona 1 , 
it  may  happen  that  f  (x  ,y  )  is  unbounded  for  (XL  >yL^  L'  D°  .  Then  for  y  '  0  , 

K  K  K  K.  K 

ifc,\yj  *  i"'  as  \  *•  4—  ,  and  for  any  u  •  0  there  exists  a  scalai  '  such 

I.*"  (u)  are  nonempty  for  u  c  [0,4  )  . 
second  form  when  the  combination 


that  (\)  ,  ■  *v,  )  e  I.L  (ul  ,  and  the  sets 
\  k  u  '  k  ) 

Hence,  Property  P.3  takes  the  following 


(•■•  •  •  •  .  )  is  i’smM! t  i a 

1  *_  K 
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P.3°(b)  If  the  combination  (vp»v2»  •••»  vp)  is  weak  limitational^  and 
4>(xk,yk)  is  unbounded  for  (xk»yjP  e  D°  : 

(i)  L°(u)  is  ronempty  for  all  u  £  [0,+“)  . 

(ii)  For  y^  •>  0  ,  the  ray  )  I  *  >  emanating  from  the 

pclnt  intersects  all  sets  L°(u)  for  u  e  [0,-!-o°’'  . 

It  remains  to  consider  Properties  P.9  and  P.10.  The  efficient  subset  E°(u) 
cf  a  nonempty  limited  production  possibility  set  L°(u)  is  defined  by 


F°(u)  =  j(xk,yk)  |  (xk,yk)  £  L°(u)  ,  (x^,y^)  l  L°(u)  if  (x^.y^)  £  (xk>yp}  . 


An  efficient  subset  E°(u)  is  nonempty  if  L°(u)  is  nonempty  (see  (11],  Section  4, 
or  [12],  Section  2.8,  for  proof)  and  F.°(u)  c  E(u)  .  Thus,  Property  P.9  holds  for 
the  limited  production  sets  L°(u)  . 

If.  is  easy  to  verify  that  Property  P.10  does  not  hold  for  the  sets  L°(u)  . 
However,  a  useful  modification  does  hold.  Consider  the  situation  where  the  bound 
x°  =  0  and  the  combination  ( v  ^ ,  ...,  v>k)  is  ncnessential .  The  resulting  sets 
L°(u)  ,  u  t  [0, +>>••)  ,  are  nonempty  (see  Property  F.3l(a))  and  they  represent  a 
technology  with  the  factors  (v  ,v?,  ...,  v  )  omitted,  i.e.,  one  with  more  limited 


al ternat i ves 

but 

novo 

rtin 

.-less 

Li 

technology . 

Consequently , 

for  the 

s  e  set? 

-,  if 

(0,  y 

k)  £  L(u> 

th 
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A  (0 

V  ^ 

(0,\yk 
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.  Now 
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such  that 
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-  k 

u 

'  Not 
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ial 

and 
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(x^,8u*y^)  e  L°(u)  implies  for  A  >  1  that  (x^_, £  k°(Au)  *  because 
( 0 , X G  *y  )  e  L'u)  and  (x  ,A0  -y  )  e  L°(Au)  due  to  Property  P.2°.  Thus,  the 

UK  K.  UK 

following  property  holds  for  the  sets  L° (u)  : 

P.10°(a)  If  (v  ,  .  ..,  v.)  is  nonessential  and  y  >  0  ,  or  the  combination 

IK  K  | 

^Vl,V2’  *•**  Vk^  *s  maximally  nonessential,  then,  for  a 
sufficiently  large  magnification  0^*y^-  such  that  (0,0^‘y^)  e  L(u)  , 
(x,  ,0  *y  )  e  L°(u)  implies  (x  ,A6  -y  )  e  L°(Au)  for  A  >  1  . 

K  U  K  K.  U  K  * 

Turn  now  to  the  situation  v/here  the  combination  (v^.v^,  v^)  is 

essential.  Two  situations  arise.  If  the  combination  is  strong  limitational ,  then 
for  any  bound  x°  >  0  ,  is  bounded  for  C  <  <  x°  and  y^  >  0  . 

Denote  this  bound  by 

u(\) '  s;p  {’ (xk-lyk)  !  V  ’  0  •  *  ;  °}  ■ 


If  L°(u) 


is  nonempty, 


(xk,yk)  ;  L  (u) 


and 


it  follows  tnat 


(xk’''-/k) 


‘  (*,.  ,y.. 

K  cv 


i!  the 

combination  ( 

'  1  ’  v  2  ’  ■” 

■•V  1 

is  only  weak  1  in 

i tat ional , 

there  exists 

bound 

-o 

x.  s  (<  such  t 

K 

hat  :(xk, 

,  V,  ^  is 

K 

hounded  for  0 

-o 

:  x=.  f.  -a. 

r\  —  tv 

,  v,  '  0  ;  and 
*  k  — 

l-°  ( o ) 

is  non  mpty, 

(XK’V  : 

I°(lA 

/-o\ 

■■  .  , 

:(x,  ,  Ay  ) 

K  K 

“■  *  -  ( x ,  ,  V ,  )  . 

K.  K 

But  ,  i  n 

i  this  latter  s 

i t ua t i on , 

0 

ll  \, 

-o  .  N 

■  X,  ,  •  (X.  , y,  ) 

k  k  k 

is  unbounded  for 

0  ■  x, 

-  K 

\  •  >0  =  0 

,  and  not! 

ii  :■»;  can 

be  so.  id  with. out 

as  sump  t  io. 

as  on  t  ilt'  f  i no 

S  t  ’  act  1 1 

i  *"  C  O  t  t  .  10  too. 

:  l(u)  , 

u  ■  in  4  ■  ) 

I  n 


l  tH* 


.1 
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Proposition  11:  If  a  subvector  /x^  ,x^  ,  . . . ,  xy  j  «=  x^  of  a  technology 

\  1  2  } 

T  :  L (u)  is  constrained  to  0  <  x,  <  x°  x°  >  0  ,  with 

y,  c  /x  ,  ...»  x  \  >  0  ,  the  production  sets 
\  k+1  vn)  = 

L°(u)  -  L (u)  n  ,  D°  =  |(xk,yk)  |  xk  <  x°  ,  yR  >  0^  ,  satisfy 
(let  x  =  (xk»yj )) 

P.l°  L° (0)  =  D°  . 

P.2°  If  x  e  D°  ,  x*  c  D°  ,  x'  >  x  and  x  e  L°(u)  , 

x'  e  L°(u)  . 


P. 3  (a) 


(b) 


r.; 


If  the  combination  (v -,»v2>  •••>  vk)  is  nonessential: 

(i)  L°(u)  is  nonempty  for  all  u  c  [ 0 ,-H”)  . 

(ii)  For  e  D°  and  y^  >  0  ,  the  ray 

{(xk,.\yk)  |  A  >  0}  emanating  from  the  point 
(xk,0)  intersects  all  sets  L°(u)  for 


U  £  [  0  ,  + x  )  . 

If  the  cor.  hi  nation  (\ 


1  ’  2  ’  ‘  ’  ’  k 


)  is  weal 


limitational  and  1  (x.  ,y  )  is  unbounded  for 

k  *  k 

(:Vy,)  ,  : 

O 

(i)  L  (u)  is  nonempty  for  all  u  e  (0,+')  . 
( i i A  For  >k  -  0  ,  the  ray  j 1 x?  , V y ^ )  A  ^  0 


emanating  from,  the  point  /x!',0] 
sets  id  (u)  for  u  -r  [0,+  ')  , 

'l  ^  0  implies  l.1  (uj  c  id  (u  » 


1  ;  ;  L  O  I 


a  I  1 


I’ .  i 


P .  h 


(uA  is  erntv. 


u- [0,4 > ) 


I.  (u'  r-  Id  (u  )  for 


0-  u-  u 
-  —  o 


P.  7° 

L°(u) 

closed  for  all 

u  e  [0,+°°) 

P.  8° 

L°(u) 

is 

convex  for  all 

u  e  [0,-H0) 

P.  9° 

E°(u) 

is 

bounded  for  all 

u  e  f0,+<») 

P.10°(a)  If  (v,  ,  .  ..,  v  )  is  nor.essential  and  y  >  0  ,  or  the 

combination  (v^,v0 . v^)  is  maximally  r.onessential , 

then  for  a  sufficiently  large  magnification  9^*yk  such 
that  (0,6  -y,  )  e  L(u)  ,  (x  ,6  -y  )  e  L°(u)  implies 

UK  K  U  K 

(x. ,X0  *y  )  e  L°(Xu)  for  X  >  1  . 
k  u  Jk  = 


(b) 

If  the 

combination 

(vv  • 

...  vk) 

is  only  weak 

limitational:  then 

xk  >  0  , 

Sup  {$ 
X 

(xk’Ayk}  !  yk 

>  0  ,  X  > 

0}  =  u 

(xk)  is  finite, 

u(x  ) 

L°(u) 

is  nonempty, 

(vyk} 

e  L°(u) 

and  X  >  , 

u 

imply 

^  (Xk ’ ' y k'1  < 

'  '(xk’yk) 

• 

(c) 

If  the 

combina l ion 

^ v  1  > v  2  ’  • 

vR) 

is  strong 

limitational :  then  foi  any  subv-'ctor  >  0  , 

Sup  (i(x.  ,'w  )  !  y.  "  0  ,  \  >  0}  =  u(x  )  is  finite, 
\  k  •  k  1  k  -  k 

u(x  ) 

,  o  ,  \  ,  ,  o ..  ,  k 

and  L  v.u>  nonempty,  (x,  ,y,  )  ■;  I.  (u.)  ,  - - — 
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6.  LAWS  OF  DIMINISHING  RETURNS 


The  properties  assumed  for  the  production  possibility  sets  L(u)  of  a 
technology  only  macroscopically  characterize  the  production  structure.  Nothing 
has  been  assumed  about  the  fine  structure. 


Postulate  for  Essential  Factors:  There  exists  at  least  one  essential  combination 

of  the  factors  of  production  for  a  technology, 

exclusive  of  (v_ ,v  ,  ...,  v  )  . 

i  L  n 


If  all  combinations  of  k  factors  are  nonesseutial  for  1  <  k  <  n  -  1  ,  unbounded 

«=  rz 

output  can  be  obtained  for  all  bounds  on  the  inputs  of  any  of  these  combinations 
and  diminishing  returns  is  not  implied  in  any  sense  unless  assumptions  are  made  on 
the  fine  structure  which  are  contrived  to  obtain  ue  result. 


Definition :  An  essential  combination  ( v  ^ ,  v  ^ ,  ...,  v^)  is  minimal  if  the 
combinations  obtained  by  deleting  any  one  of  the  factors 
x  ,  i  k  {1,2,  ...,  k)  ,  are  nonessential. 


Let  h,  =  ( h  ,h  ,  ...,  h  (  >  0  denote  a  positive  increment  for  the  vector 
{  k+1  k+2  n  f 


of  Diminishing  Product  5  cerements  :  For  evuv  combination  (v,  , ,  ....  v, 

.  ' ~  “  '  . .  I  K. 

k  <  k  ;  (n  -  I)  related  to  a  minimal  essential  combination 
o  =  = 

/  v ,  ,v,,  .  ..,  v,  \  of  th<.  factors  ot  production,  there  exists  a  positive 

1  ‘  ‘  Ko  ' 

O  x  ...  o 

bounJ  x,  such  that  *  O, .  * }\ .)  is  bouneeu  ter  0  •  x,  *•-  x,  .  y,  0  am! 

K  K  K  —  K  -  K  ‘  K  — 
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either  (a)  for  every  input  vector  »  0  i  \  1  \  such  that 

$(x^,yk)  >  0  ,  there  exists  a  subvector  y^  such  that 

*(vyk +  hk} '  *(vV  <  H\>\ +  V  "  for 

every  yfc  >  y^  and  h^  such  that  ^Cx^.y^  +  h^)  > 

(b)  $(Xk,yk)  *=  0  for  all  yfc  >  0  for  every  input  vector 
such  that  ^x^y^  is  bounded  for  yk  >  0  . 


or 


Th 

of  the 
of  a  po; 
this  boo 
input  Si 

0  <  x°  ' 

i. 

bounded 

Foi 

the  .for ".i 
dirainj  si; 
is  a  scr 
stiff  ic  ii 
merely  t 
when  ap; 
upon  x. 
A 

y..  ■’ 

^  .v 

an  over 
pm  J  u  c  L 
c  os  lb  i  na ; 


"or  part"  of  this  weak  law  is  required,  because,  although  the  essentiality 
mbinations  (v^v^  ....  v,p  ,  kQ  <  k  <  <.n  -  1)  implies  the  existence 
tive  bound  such  that  *(xk»yJc)  ls  bounded  for  0  <  xk  <  x°  ,  yfc  >  0  » 

d  may  be  zero.  See  the  example  of  Figure  2.  The  family  of  production 
s  L (u)  illustrated  satisfies  the  Properties  P.1,  ....  F.10.  If 

1  ,  #(x  ,x,,)  =  0  for  all  0  <  *2  =  X2  *  X1  =  0  and  **xl,x2^  is 
>r  >  0  only  if  0  <  x°  <  1  . 

he  "either  part,"  the  weak  law  of  diminishing  product  increments  has 

•hi ch  A  ngnr  [6]  refers  to  as  an  "assertion  intersecting"  a  "proposition  of 

:;.g  product  increments,"  the  latter  implying  that  the  production  function 

:  tly  concave  function  of  yk  for  the  given  provided  yfc  is 

ly  large  (i.e.,  yk  >  y^)  .  *  hile  the  "intersecting  assertion"  implies 

t  if  y,  >  y,  the  product  increment  associated  with  h.  >  0  is  smaller 
•'  k  J  k  k 

-id  to  yk  than  when  applied  to  .  Note  that  yfc  depends  generally 
yk  and  hk  . 

>erty  of  strict  concavity  (in  y  )  of  *-he  function  'f(j^,yk)  for 
moot  bo  deduced  from  the  properties  used  to  define  a  technology.  It  is 
s:  iplified  statement  of  diminishing  returns.  The  weak  law  of  diminishing 
remen:. s  is  not  an  empty  statement,  since  at  lea.t  one  essential 
i  of  lectors  is  postulated  for  a  technology. 
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The  existence  of  the  hound 


*k  S 


such  that  4> 


is  bounded  for 


0  <  ,  y^  >  0  follows  from  Proposition  9.  For  the  proof  of  statement  (a), 

let  <t  (s^.y  )  be  bounded  for  >  0  and  $(x^,y^)  >  0  for  some  y^  >  0  .  Let 
h^  be  a  positive  increment  such  that  <l>(xk»yk  +  >  ‘Kx^yj^  •  Let 


y"  <  *1“  +  \ '  '  yi2>  *\<-<  y ^  <  ^n>  +  hk <  •• 


be  a  strictly  increasing  infinite  sequence  of  subvectors.  Since  the  corresponding 
infinite  sequence 

‘(v^11)  i  ‘(v?™ +  hk)  i  ■■■  i  ,t(v5k”>)  j  5(vykn)  +  hk)  i  ••• 

is  nondecreasing  (Property  A. 3)  and  bounded,  it  converges  to  a  limit.  Accordingly 

this  sequence  of  output  rates  is  a  Cauchy  sequence  [8],  and  there  exists  for  any 

positive  e  an  integer  N(e)  such  that  for  n  >  N(e)  ,  iJ>^,y  +  \) 

/-  (n)\ 

-  $(^x^,yk  j  <  c  .  Hence,  there  is  a  subvector  y  ,  depending  upon  the  difference 
d  =  $(xk’yk  +  V  "  $(xk,yk)  ’  SUCh  that  f°r  yk  >  yk  * 

*(vyk +  V  -  “vV  <  *<vyk +  \)  -  4<vV  • 

Statement  (b)  is  merely  a  statement  of  the  possibility  illustrated  in 
Figure  2.  There,  for  any  product  increment  h,  >  0  the  product  differences  are 

K. 

all  equal  to  zero. 


Weak  Lav;  of  Diminishing  Average  Product:  If  the  combination  (v  ,v  ,  ...,  v  )  is 

X  ^  1C 

weak  liraitational  there  exists  a  bound  x£  >  0  such  that  <t> (x,  ,y  )  is 
bounded  for  0  <  x^  <  x^  ,  >  0  Then  for  every  x  such  that 

0  <  xk  <  x°  ,  sup  (xk> ly^)  j  0  ,  A  >  0;  =  uCx^)  is  finite  and, 

0  A  o 

if  u  >  C  ,  L  (u)  is  nonempty,  (xK>y.)  €  L  (u)  and  \  >  - - —  ,  then 

1C  K.  II 

*(VAyk*  <  A  <I>(xi^'yi.-)  • 


k’-'k^ 
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This  law  is  merely  a  restatement  of  Property  P.10°  (b)  for  the  production 
possibility  sets  L°(u)  of  a  limited  technology.  It  has  the  form  described  by 
Menger  [5]  as  an  "assertion  intersecting"  a  "proposition  of  diminishing  average 
product,"  the  latter  implying  that  beyond  some  input  y^  ,  i.e.,  for  Xy^  >  y^ 
the  average  return  f(x^aXy^)/X  is  strictly  decreasing,  while  the  "intersecting 

u(\) 

assertion"  implies  merely  that  for  any  y^  >  0  there  exists  a  value  - — “ —  such 

u(\) 

that  for  X  >  — - —  the  av  rage  return  is  less  than  the  positive  output  associated 

with  (x^y^)  »  when  x^  does  not  exceed  the  bound  x°  .  The  existence  of  the 

bound  x°  follows  from  Proposition  9-  Strictly  decreasing  average  returns  for 

Xy  >  y,r  is  a  property  of  the  fine  structure  of  the  technology  and  cannot  be  deduced 
K  iC 

without  assumptions  contrived  to  obtain  this  result. 

Strong  Law  of  Diminishing  Product  Increments:  For  every  combination 

^V1,V2’  <  k  <  (n  -  1)  related  to  a  minimal  essential 

combination  vj»v2’  ’  ’  *  ’  Vk  t*ie  factors  °f  production  which  is 

o 

strong  limitational , 

+  V  '  *<VV  *  H\’\  +  V  -  ♦'vV 

if  ^ ^xk’yk^  >  °  ’  i'xk,yk  +  V  >  **Vyk*.  and  yk  >  yV-  ‘vtiere  yk 

depends  upon  x^  ,  y^  and  h^  . 


In  this 
yk>  >  ° 


» 


strong  law  no  restriction  is  put  upon  the  vector  x^  othei  than 
,  i.e.;  it  is  not  bounded,  because  for  any  fixed  input  xl  >  0  the 


output  4>(x,  ,y  )  is  bounded  for 

*  tv  K 

given  for  the  corresponding  weak 

to  Property  A. 4  and  the  property 

(x  ,y,  )  such  that  1>(x  ,y  )  >  (J 
k  tc  k  k 


y^  >  0  ,  and  the  proof  follows  exactly  that 
law.  The  statement  (b)  is  omitted  because  due 
of  strong  limitational  there  exists  a  vector 
and  ^  0  for  y  >  0  . 


35 


Strong  Law  of  Diminishing  Average  Product:  If  the  combination  (v]_»v2’  •••» 


is  strong  limitations!,  then,  for  every  x.^  >  0  ,  Sup  { <J> (x^, Ay^)  |  >  0  , 


A  >  0}  ■  u(x^)  is  finite  and,  if  u  >  0  ,  L°(u)  is  nonempty, 
o  U(xk} 

(Vyk>  e  L  ^  and  A  >  — u —  ’  Then  4 ^xk ’  yk^  <  X$^xk,iV 


For  this  strong  law,  no  restriction  is  put  on  because  is 

bounded  for  y^  >  0  and  x^  fixed,  since  the  combination  is  strong  limitational . 

The  foregoing  laws  are  precise  laws  of  diminishing  returns  for  any  technology 
T  :  L(u)  ,  u  e  [0,+°°)  ,  and  provable  for  such  structures  without  assumptions  on  the 
fine  structure  of  T  .  Nothing  is  said  about  any  particular  physical  production 
system,  It  is  presumed,  however,  that  the  ideal  structure  T  describes 
macroscopically  all  actual  production  systems.  Only  in  this  sense  does  a  law  of 
diminishing  returns  have  meaning.  If  an  actual  physical  production  system  can 
be  found  which  violates  the  laws,  excepting  situations  where  the  output  u  for 
an  input  vector  x  does  not  correspond  to  5>(x)  =  Max  {u  |  x  e  L(u)}  ,  i.e., 
inefficient  systems,  then  the  properties  defining  the  technology  I  must  be 
modified  in  some  way  to  encompass  this  critical  observation  and  new  forms  of  the 
laws  sought  which  are  not  contradicted. 


N 


1 

1 
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7.  THE  COBB-DOUGLAS  AND  CES  PRODUCTION  FUNCTIGNS  AND  RESTRICTED  LAMS  OF 
DIMINISHING  RETURNS 

It  Is  useful  to  look  at  some  functions  which  are  commonly  used  in  econometric 
studies,  i.e.,  the  Cobb-Douglas  and  CES  functions.  The  Cobb-Douglas  function  [4] 
may  be  represented  by 


=  4> 


n 

with  ai  >  0  >  x^  >  0  (i  =  1,  . . . ,  n)  and  £  =  1  .  The  quantities  x^  are 

some  positive  inputs  at  a  reference  point  of  the  set  R^  ,  taken  to  give  an 
expression  which  is  independent  of  the  diverse  physical  units  of  the  factors  of 
production.  This  function  does  not  satisfy  Property  P.9  for  the  implied  input 
sets  L(u)  (or  Property  A. 8),  and  hence  it  is  not  a  valid  production  function 
over  the  entire  domain  of  the  input  vectors  x  .  It  has  the  further 

restrictive  property  that  each  factor  of  production  is  essential,  that  is,  no 
factor  may  be  completely  substituted  for  another. 

Similarly,  the  CES  f  ction  [2]  fails  to  be  a  valid  production  function 
over  the  entire  domain  of  the  input  vectors  for  significant  parameter  values. 

This  function,  presented  for  two  aggregate  factors  of  production  (capital  and 
labor)  by  the  expression 


_  1 

,  r  -s  -si  s 

Kx)  =  +  a2x2 

with  a^  >  0  ,  >  0  ,  0  >  -1  ,  0  f  1  ,  is  offered  as  a  "new  class  of  production 

functions,"  but  the  efficient  subsets  of  the  implied  production  possibility  sets 
are  not  bounded  (i.e.,  P.9  fails  to  hold)  when  0  >  0  ,  the  case  described  by  the 
authors  as  the  most  interesting  case,  because  then  diminishing  returns  holds.  Also, 


when  the  expression  is  written  for  n  factors  of  production  and  0  >  0  ,  it 
has  the  restrictive  property  that  each  factor  of  production  is  essential. 
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For  both  functions,  output  is  unbounded  (when  diminishing  returns  holds) 
if  a  positive  bound  is  put  on  any  factor  of  production  and  the  others  are  allowed 
lo  indefinitely  increase,  that  is  the  factors  are  individually  essential  but  not 
even  weak  limitations'!. ! 

From  three  premises  concerning  the  production  function:  (a)  increase  in 
output  for  an  appropriate  increase  of  an  input  ,  (b)  positive  homogeneity  of 
degree  one,  and  (c)  homogeneity  in  (n  -  1)  factors  for  fixed  input  of  the 
remaining  factor,  all  of  which  are  satisfied  by  the  Cobb-Douglas  function 
(buX  not  bou.nde.dnUi>  ofa  the  Z^-iCA.tnt  i>ub6eX<!>)  ,  Eichhcrn  [5]  has  deduced  that 


the  production  function  satisfies  an  over  the  whole  range  strictly  decreasing 
product  increments. 

For  the  class  of  production  structures  which  (in  addition  to  P.1,  ....  P.10) 
are  positively  homogeneous  of  degree  one,  the  following  proposition  holds* 


Proposition  12:  If  the  technology  satisfies  L(Au)  =  AL(u)  for  all  a  >  0  , 
the  production  function  i>(x)  is  positively  homogeneous  of 
degree  one  and  a  concave  and  continuous  function  of  x  on  R™  . 


For  A  >  0  , 


Max  (u  | 

(Ax)  e  L  (u)  ,  u  >  0} 

Max  ju  | 

x  c  l(*)  ,  «  ;  o} 

,  ,,  f  u 

A  Max 

1  * £  Lft)  •  a  :  °} 

A<f(x)  . 
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From  the  homogeneity  of  $(x)  it  follows  that  the  production  function  is  a 
concave  and  continuous  function  of  x  for  all  x  e  .  See  [11],  p.  226  or  [12], 

T 

Section  2.6  for  a  proof  of  this  statement. 

Thus,  a  restricted  law  of  nonincreasing  product  increments  holds: 

Restricted  Law  of  Nonlncrcasing  Returns:  If  the  production  structure  is  positively 
homogeneous  of  degree  one,  then  for  any  input  vector  x°  such  that 
$(x°)  >  0  and  arbitrary  increment  h  «*  (h^.h^,  ....  hR)  subject  to 
h  “0  for  i  e  {1,2,  ...,  k}  and  h  >0  for  J  i  {1,2,  ...,  k}  , 

Vi  Vj 

1  <  k  <  (n  -  1)  ,  such  that  <J>(x°  +  (N  -  l)h)  -  4>(x°  +  (N  -  2)h)  >  0 

for  N  >  2  ,  then 

*(x°  +  N*h)  -  G^x0  +  (N  -  l)'h)  <  G>(x°  +  (N  -  l)*h)  -  <Kx°  +  (N  -  2)’h) 
for  all  integers  N  >  2  . 

For  any  0  e  [0,1]  ,  consider  x  =  x”  +  (N  -  2)h  ,  N  >  2  ,  and 

6*x  +  (1  -  0) (x  +  2h)  =  x  +  2(1  -  Q)h  . 

Then,  from  the  concavity  of  -*1  (x)  , 

$(0-x  +  (1  -  C)(x  +  2h)  >  0$(x)  +  (1  -  0)G(x  +  2h)  , 

and  for  0  *  hi  , 

2<!!(x  +  h)  >  G(x)  +  (x  +  2h)  , 


4>(x  +  2h)  -  i(x  +  h)  <  t  (x  +  h)  -  <t  (x) 

n 


whence 
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and 

$>(x°  +  N*h)  -  (x°  +  (N  -  l)h)  <  *(x°  +  (N  -  I)h)  -  $(x°  +  (N  -  2)h) 

for  all  N  >  2  . 

m 

Further,  if  the  Property  P.9  for  the  input  sets  L(u)  is  deleted  for  u  >  0  , 
and  the  sets  L(u)  are  assumed  to  be  strictly  convex  for  u  >  0  (which  is  the 
case  for  the  Cobb-Douglas  and  CES  functions),  the  following  restricted  law  for 
strictly  decreasing  returns  holds: 

Restricted  Law  of  Decreasing  Returns:  If  the  production  structure  is  positively 

homogeneous  of  degree  one,  Property  P.9  is  deleted  for  u  >  0  and  the 

input  sets  L(u)  are  strictly  convex  for  u  >  0  ,  then  for  any  input 

vector  x°  such  that  (x°)  >  0  and  arbitrary  increment 

h  =  fh  ,h  ,  ...,  h  )  with  h  =0  for  i  e  (1,2,  ....  k}  and  h  >  0 
J-  2  n  v 

for  j  i  {1,2,  ....  k}  ,  for  1  <  k  <  (n  -  1)  ,  such  that 
*(x°  +  (N  -  l)h)  -  ‘(x°  +  (N  -  2)h)  >  0  for  N  >  2  ,  then 

♦  <x°  +  Nh)  -  f(x°  +  (N  -  l)h)  :(x°  +  (N  -  l)h)  -  T(x°  +  (N  -  2)h) 
for  N  "•  2  . 

n: 

The  strict  convexity  of  the  input  s-'ts  implies  that  if  i(x)  •  0  ,  i  (v)  ■  0 

then  1  (x  +  y)  '■  *  ( x)  +  I  (y)  ,  i.e.  ,  for  input  vectors  x  and  y  yielding  positive 
output  the  production  function  is  strictly  super  additive.  To  see  this,  note  that 
for  any  u  >  0 


u 
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due  tc  the  homogeneity  of  $(•)  .  Hence,  the  input  vectors 


u _ .  u 

<f(x)  X  ’  <t(y)  ^ 


belong  to  the  boundary  of  I  (u)  ,  because  if  not,  say  for  the  first,  then 


0  — 7~T’X  e  Boundary  of  L(u) 
4>(x) 


for  3  <  1  and  $ ^8 •  y xj  =  6u  >  u  for  0  <  1  ,  a  contradiction.  Consequently, 
for  any  0  e  (0,1)  , 

°((1  ‘  6)  +  °'7w'y)  '  “  ' 


since  the  set  L(u)  is  strictly  convex  and  z  =  j^(l  -  9)  T~yx  +  ®  ‘r’^yyl 
an  interior  point  of  L(u)  ,  implying  ?(z)  >  u  ,  since  r.  $(z)  =  u  then  for 
soma  9  <  1  ,  u  <  v(?z)  =  6f  (z)  =  8u  ,  a  contradiction.  Take 


is 


_(v) _ 


:(x)  +  :  (>■) 


and  I  (:<  +  y)  >  $(x)  +  i  (y)  . 

The  validity  of  the  restricted  law  r»f  decreasing  returns  then  follows,  because, 
using  the  homogeneity ,  strict  additivity  and  nonderr easing  property  of  ’(')  , 

:(VX)  =  :  (x)  _  ’s  :(x°)  •  o 


(s  (x  +  dh>)  ■-  :  (x 


-0  -  :u)  • 


:  ix  + 


4- 


.  (x  ■* 


) 
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vhence 

3>(x  +  2h)  -  <t> (x  +  h)  *(x  +  h)  -  41  (x)  . 
or,  since  x  =  x°  +  (N  -  2)h  , 

$(x°  +  N  ■  h)  -  $(x°  +  (N  -  l)h)  <  $(x°  i  (N  -  l)h)  -  <t(x°  +  (N  -  2)h) 
for  N  >  2  . 

r: 

Note  that  for  any  x  and  y  such  that  4>(x)  >  0  and  4>(y)  >  0  ,  and 
?  £  (0,1)  ,  the  production  function  is  strictly  concave,  since  it  is  strictly 
super  additive  and  homogeneous. 

Thus,  it  is  seen  that,  if  boundedness  of  the  efficient  subsets  E(u)  for 
u  >  0  is  discarded  and  one  assumes  that  the  technology  is  positively  homogeneous 
of  degree  one  with  strictly  convex  input  sets  L(u)  for  u  >  0  ,  the  technology 
will  obey  a  law  of  strictly  decreasing  product  increments  over  the  whole  range, 
no  matter  which  inputs  are  fixed  and  which  are  incremented,  explaining  Eichhorns 
result  and  the  properties  of  pseudo  production  functions  like  the  Cobb-Douglas 
ml  CHS . 

The  reasons  why  boundedness  of  the  efficient  subsets  E(u)  is  deleted  an’ 
each  : actor  of  production  is  essential,  when  the  product ! on  possibility  sets  L(u) 
are  strictly  convex  for  u  %  0  ,  arc  explained  b\  the  following  proposition. 

Proper j- ion  13:  A  production  possibility  set  L(u)  is  strictly  convex  for 

u  >  0  it  and  only  if  each  facto’  of  product  ion  is  essential 
and  the  et I icient  subset  E(u)  is  unbounded. 


I 
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boundary  of  L(u)  and  likewise  all  input  vectors  (0,Xx2,  .  ..,  Ax^)  for  >  1 
belong  to  the  boundary  of  L (u)  ,  implying  that  L(u)  is  not  strictly  convex. 

If  £(u)  is  bounded,  then  for  any  factor  of  production,  say  the  first, 


Min  {x^  |  x  c  L(u)}  =  Min  jx^ 


x  e 


(i(u)  +  r")} 


Min  {x^  {  x  e  E(u)} 


exists,  where  E(u)  is  the  closure  of  E(u)  ,  since  E(u)  s  a  bounded  and 

*  k 

closed  set.  Let  x  yield  this  Min.  Then  x  e  Boundary  L(u)  ,  since 

E(u)  c  L(u)  because  L(u)  is  a  closed  set  and  there  does  not  exist  any  e  : 


x  -  x 


e}  tL  L(u)  because  x  i  L(u)  if  x^  <  ,  and 


such  that  {x 

/  "k  x  k  \ 

all  input  vectors  Ix^.Xx^,  •••,  Ax^ j  for  X  >  1  belong  to  the  boundary  of 
L(u)  ,  implying  that  L(u,  is  not  strictly  convex. 

Now  suppose  that  L(u.)  is  strictly  convex.  Then  clearly,  each  factor  of 
production  is  essential.  Also,  if 


p .  x. 
1  1 


•  P  =  (t^  -  •  •  •  ,  p  )  _:  0  ,  a 


is  a  supporting  hyperpiano  of  L (u)  ,  it  contacts  the  set  L(u)  at  a  unique 


point  x  (p)  cf  L(u)  .  For  p  •  0  and  p,  =  p ,  = 


p  =  D 

rn 


1  n  t  .  n  *  x 
x 

Kvs  I'.t't  O'.’ 

Liktovist1  bo 


(FUO  +  =  Ini  ;p*> 


X  .  X  ,  n; 


, .  s 


lor'  a  bounded  x 
;  to  t.(u)  .uni  nor 
that  '  (.a)  is  no 


UO  ,  0 


* 


xj  ’  'V 


•  .  O  I  L  t 1 


ruse  then  all  points 
~ i  at  s  belong  to  the  boundary 
x.  Hence  the  set 


3n*) 

rl  ' 


■'  \ 


•"1 


at  a  l ini 


1 1  , ' 


-  i  ‘.v.  ‘  ib  >v‘ t  ['  )  IS  i'*t' t  1  t  . 
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Ei f  ihorn's  [5]  assumptions  reduce  to: 


(e)  $(Ax)  -  Anx)  ,  A  >  0  ,  x  e  R  ‘  . 


ri 

(b  •  ^(AXj^,  . ..,  Ax  iXi»Xi+i»  xn^  “  x  **00  , 

i  £  {1,2,  . . . ,  n)  ,  A  >  0  ,  0  <  Tj  <1. 


For  A  0  ,  i  e  {1,2 .  n}  and  x  e  R+  , 


J.(*a\  (Hi)  J! i±i\ 

$\A\  A/’  *•“  A\  A  M  A/,X\  A  I’  ' 

$(v  Vl’f’Vl’  *•*’  Xn) 

A  1  *(?)  > 


/x 

-  -'If 


and,  fo  A  -*■  -H=>  ,  it  follows  that 


^(x,,  . ..,  Xj  .jOjX.,.,  ...,  x)  =  0  ,  i  c  (1,2,  n)  . 

1  i-i  x+1  n 


since  Ll  production  function  is  a  continuous,  concave  function  for  x  t  R+  when 
it  is  ho  igeneoc"  of  degree  one.  Thus,  each  factor  of  production  is  implied  to  be 
esrenti,  Moreover,  for  x  >  0  , 


,x2 . xn) 

S(  (S . *»)  ‘  * 


•  irr;-ux) 

(Xj) 


$(1,1, X,,  ....  X  )  =  - - - $(1,X„,  .  .  .  ,  X  ) 

J  n  l-r  l  n 

(x2) 


l-r  l-r 

(xx)  (x2) 


$(x)  , 


; f  '■ : 


v_ 


and,  continuing  in  this  fashion,  one  obtains 

*(1>1’  ••••  1}  c  n  (I^T*(x)  • 

17  (r  ) 

1 

Due  to  Property  (a)  it  follows  that: 

n  v4  n 

Hx)  *=  5  *tt  x,  “■  ,  }  v  =■  1  ,  0  <  v  <1  ,  i  e  {1,4,  ...,  n}  , 

0  1  1  1  1  1 

where  5q  e  5(1,1,  ...,  1)  and  =  (1  -  r  )  .  Thus,  his  assumptions  imply 
that  the  production  function  is  a  Cobb-Dougias  production  function  with  strictly 
convex  level  sets  (production  possibility  sets)  ,  which  is  a  special  case  of  a 
positively  homogeneous  technology  (degree  one)  with  strictly  convex  production 
possibility  sets,  just  as  is  the  CES  production  function,  both  of  which  violate 
an  essential  property  of  a  technology,  i.e.,  boundedness  of  the  efficient  subset 
for  any  positive  output  rate.  The  proposition  described  above  as  the  restricted 
law  of  diminishing  returns  encompasses  all  cases  of  this  kind. 
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Typographical  Errata : 

1)  Pg.  33,  line  4:  replace  perion  by  comma  and 

2)  Pg.  43,  line  3:  insert  X  as  multiplier  fo 
arguments  of  $  . 

3)  Pg.  23,  last  line;  tl  L°(u)  . 

0<u<u° 

=5 

Footnote  Insertion:  For  Property  P.iO  ,  Pg.  6 

& 

This  property  is  not  required  for  the  arguments  to  follow. 
Correction:  Pg.  25,  lines  5  and  6  should  read. 

Then  by  Property  A. 3  it  follows,  ... 


D  D  C 

n|r?f?DFnn 

JAN  3*>  1970  I 

JlJElSEhu'alii 
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change  T  in  Then  to  lower  case. 


r  x. , , ,  ....  x  in  the 
l+l  n 


